Kiefer, Wolfowitz: Stocastic Estimation Of The Maximum
Of A Regression Function

1 Introduction

Y € R is a random variable which depends on a parameter = € R. Let
M(z) = E[Y (z)]

and assume Var(Y(z)) < S (Ve € R).

Close form of M (z) and distribution of Y is not known. The only way to calculate M (x) is to
draw random samples from H (y|z) which is the cdf of Y given x.

This paper presents the following procedure to maximize M (x) via sampling Y (x).

o Yon — Yon—1
Zn+1 = %n + ap

Cn

where 2z is an arbitrary number, yo,,y2,_1 are sampled from H(y|z, + ¢,), H(y|zn — ¢y) respec-
tively. a,,c, are predetermined sequences of positive numbers.

It can be proved z,, converges to the optimal solution of maximizing M (z) in probability under
regularity conditions on M (z), ay, cp.

2 Regularity conditions

2.1 Regularity conditions on a,,c,
e lim, ., c, =0.
® > n =00
o > X ancy, < .

2
an
L] E n=1c < oQ.

2.2 Regularity conditions on M (z)

e M (x) is maximized at x = § and M (x) strictly increasing when z < 6, strictly decreasing
when z > 6.

e There exist 8 > 0 and B > 0 such that
|z — 6| + |z" — 0] < B implies |M (2') — M (z")| < Bz’ — 2"
e There exist p > 0 and R > 0 such that
|#' — 2"| < p implies |M (z') — M (2")| < R

e For every § > 0 there exists m(d) > 0 such that

|z — 0] > ¢ implies  inf
16>e>0 €

3 Proof of convergence

Prove z, L, 9 when regularity conditions on a,,, ¢,, M(x) hold.



El(zpt1 — 0)*] = E[(z, — 0 + an%)ﬂ
2

= El(z0 — 6)%) + 2="E[(20 — 6) (420 — y20-1)) + FE[W20 — 920-1)7]
2

aj
E[(z1 — 6)? +2Z —E[(2j — 0)(y2; — y2j-1) +Z jE [(y25 — 25— 1)?]

j=1 € 7j=1 ]
Check sign of E[(z, — 0)(y2n — Y2n—1)]-
E[(zn — 0)(y2n — Y2n-1)] = E[(zn — O)E[(y2n — Y2n—1)|2n]] = E[(2n — 0)(M (2, + cn) — M (2, — cn))]

_ ]E[Zn -0
2¢,,

226, - (M (20 + ) = M (20, — ¢2))]

|2 — 0l > cn = (2 — ) (M (25, + ¢n) — M (2, — ¢p)) <0

Separate sign of E[(z, — 0)(y2n — Y2n—1)]. Denote U, (z) = (x — )(M(z + ¢,) — M(x — ¢)),
U (x) = 5 (Un(2) + |[Un(2)]), Uy (2) = 5 (Un(@) = [Un(2)])-

E[(zn — 0)(y2n — y20-1)] = E[Un(20)] = E[U,} (20) + Uy, (20)]

Therefore
n n n 2
Q: Q: _ a“
Bl(ent1 — 0)°) = El(ey — 007 + 23 BV ()] +2 3 ZEU; ()] + 3 Sl sy — 251)°)
; J i—1 J j=1 7
s 2 — aj — aj s a
:]E[(zl—Q)]+QZZPj+2ZZNj+ e
ji=1 7 j=1 7 j=1 1J

(3.1)
Z? 1 % p; and Zj 1 26] converge = lim,, o0 E[(2,41 — 0)?] exist. [=]

Firstly, prove convergence of Y " =1 Lﬁ” P;.
-7
Uf(z,) >0 Up(z,) >0= |2, — 0] <c,

When n is large enough,
|2n +cn— 0|+ |20 —cn — 0| = 2¢, < B

U
|M (2, + ¢n) — M (2, — ¢n)| < 2Bcy,
4
a—"Pn < 2Baycy,

Cn
no 4 p.
Therefore =1 ¢, P; converge.
2
n a;
Secondly, prove convergence of > =1 C—?ej.

en = El(y2n — y2n—1)°] = E{E[(y2n — y20-1)*|2a]}

E[(y% - y2n71)2‘z7’b] = E[{y% - M(Zn + Cn) - (y2n71 — M (z, — Cn)) + M(zn + Cn) - M(zn - Cn)}len]
= E(y2n — M(2n + ¢n))?|2n] + E[(y2n—1 — M (20 = ¢n))?|20] + [M (20 + ) — M (25 — ¢5))?
< 2S5 4 R*(when n is large enough)

Therefore 2

< (28 + R2)

:w‘:m

C2

which implies Z _ 2 ej converge.

In conclusion, hmnﬁoo E[(z,41 — 0)?] exist.


李进之
便签注释
因为这是个大于0的数，所以负部必须收敛。


Next show there exist a subsequnce z,;(n1 < na <nz <---) of z,, 2, L, 0(j5 — o0). Let

M(zn +cn) — M(zn —cn)

K, =| p
n

Then
P, N,

n

E[K, |z, — 0]]
Due to the convergence of 2?21 a; @ and divergence of Z?Zl aj,
J

lim inf P = No _ 0
n—o00 Cn

Pr—Nj
Ck

By the defination of limit inferior, denote H,, = infy~, Po= Ny,

Obviously, lim,, o, H, > 0 or lim,, ., H,, = 0.
Assume lim,, ,o H, = >0

, then lim,, ., H,, = liminf,,_,

take € = g,then dN, whenn > N, H, zu—e:%

which is PN
n - +tVn o
> —(Vn>N
. 5 ( )
then - -
P,—N; _pu
J J
a > — a
Sl Ny,
j=N j=N
diverge, which is a contradiction.
Therefore there exists a sequence of positive integers ny < ng < ng < --- such that

lim F [Knj |znj —0|] =0

Jj—o0

P .
Moreover, z,;, — 0(j — o0).

Assume z,, 2. 9. Then ==
Je,n A= |P(Jzn; — 0] >n) > €

Let j be large enough, ¢,, < Z. By regularity conditions on M (x),

K > inf | M (2n; +€) — M(zn, — ¢€)|
" T S0 €

> m(n) when |z,, — 6] > n hold.

B (K, |2, = 0]] = B | Ko, |20, = 8] L1z, 01| > 0 (EL 1, —o1503]) = nw(n)e > 0

Which is a contradiction.



李进之
便签注释
\forall N, \exists j>N


Finally use the defination of converge in probability to prove z, P, 9 which is to prove

Ve ,p>0,3IN,Vn>N Pllz, — 0| >n] <e
Pllzn — 0] > n] = Pllzn. — 0] > nllzn, — 0] < s]Pll2n, — 0] < 5]+ Pllzn — 6] > nl|2n, — 6] > s]P[|zn, — 0] = 5]
< Pllzn — 0] > nllzn, — 0] < 5]+ Pllzn, — 0] > 5]

Firstly, let s be a positive number which is undetermined. Due to 2, i 0, choose Ny which

relies on s, € to make P[|zy, — 0] > 5] < §. Note that Ny is not determined totally in this step.
— 0] < s] with second moment

Next apply markov inequality to connect P[|z, — 0] > n||zn,
which has been explored previously.
E[(zn — 0)*||2n, — 0] < 5]
72

Pllzn — 0] > nll2n, — 0] < s] <

anfl(y2n72 - y2n73) )2

Cn—l

|ZA% ::4

E[(zn — 0)?|2n, = 2] = E[(2p_1 — 0 +
E[(zn—l — 0)(Y2n—2 — Y2n—3)|2n, = 2]

=E[(zn_1 — 0)%2n, = 2] + 9

Cn—1
ap_y 2
+ 5—E[(y2n—2 — Y2n-3)"|2n, = 2]
Ch—1
n—1 " n—1 ag
0> +2 ) fE[(Zj —0)(y2j —y2j-1)|2ng = 21+ D C%E[(my —y2j-1)°]2n,
j=No 7 j=No J
n—1 n—1 a2
P+2 > JE[U (z)leng = 21+ Y C%E[(y% —y2j-1)° |2, = 2
j:N; J _ j:J;fo J
a?
<(2—0)?+4B Z ajci + (28 + R?) Z C—; (when Nj is large enough)
J=No j=No J
o 2
a’;
< (2 — 0)*> + s(Let Ny be larger to make 4B Z a;c; < g, (25 + R?) z]; é < ;)
=4iNo

j=No J
Therefore

E[(zn—6)°||2n, —6] < ] = E[E[(2—8) |zl l2n0 — ] < ] < El(zn, —0)*+ 5|z, —0] < 5] < s+

2
Choose s to make Snf < £

Combine with P[|zx, — 0| > s] < §, then proof is done.

=]


李进之
便签注释
这里把负部给放缩掉了
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