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PART 1
The “price of misspecification” is expected to be significant if the parametric model 

is overly restrictive. Somewhat surprisingly, we show (under reasonably general 

conditions) that this need not be the case.

“Robust” Dynamic Pricing



• Demand:

where                     is a deterministic (decreasing) function;

are zero-mean i.i.d random variables. 

1.1  Dynamic Pricing
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• Parametric Model: Misspecification: 



• Price consistency: converge to the optimal price 

1.2  “Robust”  linear model

• Besbes and Zeevi (2015):

• Regret growth rate optimality:

• Theoretically: near optimal

• Practically: robust numerical experiments performance

• All models are wrong, but some are useful !
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PART 2
First, the classical KWSA algorithm is for solving offline optimization problems 

where only the terminal solutions of the iterations; Second, Algorithm 1 uses a 

forward finite-difference gradient estimator instead of a central finite-difference 

estimator.

Online KWSA algorithm



2.1 Online stochastic optimization

• Formulation: min{ ( ) ( ( , ))}f E F 
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• Assumption:

• compact & convex

•

• 𝑓 twice differentiable and Hessian continuous

• 𝑓 strongly convex

•
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• A1:                  

• convergence in mean square
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2.1 Online stochastic optimization

• A0:                  compact & convex

• compact (+A2) : the existence of       

• convex : the uniqueness of the projection                 
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• A2: 𝑓 twice differentiable and Hessian continuous               

• Hessian continuous (+A0 compact):                                             2
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• A3: 𝑓 𝐵1-strongly convex

• definition:                                                                                                     (simplification: )                         

• corollary 1:                                              

• corollary 2:  the uniqueness of 
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2.2 Online KWSA algorithm

• Step 1: calculate the (forward) finite-difference 

estimator (𝑐𝑛 sequence)

• Step 2: projection gradient descent (𝑎𝑛 sequence)



2.2 Online KWSA algorithm

• 𝑎𝑛 sequence: gradient descent step size

• 𝑓 𝐵1-strongly convex (A3) 

• 𝑐𝑛 sequence: forward finite-difference  
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• Fabian (1967):

• Forward finite-difference estimator:

• Central finite-difference estimator:
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(But in the online stochastic optimization, it 

doesn’t lower the growth rate of the expected 

cumulative regret !)



2.2 Online KWSA algorithm
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2.2 Online KWSA algorithm

• Define: 

• Recurrence relation:

2

( )n nb E x x= −

22

1 ( ( ) ) 2 ( ( ) ( ))T

n n n nb b a E G a E G+  + − − *

n n n
x x x x

( ( ) ( )) [ ( ( ) ( )) | ]

[ ( ) ( )]

[ ( ) ( )] [( ( ) ( )) ( )]

T T

T

T T

E G E E G

E g

E f E g f

− = −

= −

=  − + − −

* *

n n n n n

*

n n

* *

n n n n n

x x x x x x x

x x x

x x x x x x x



2.2 Online KWSA algorithm

• Define: 

• Recurrence relation:

2

( )n nb E x x= −

22

1 ( ( ) ) 2 ( ( ) ( ))T

n n n nb b a E G a E G+  + − − *

n n n
x x x x

( ( ) ( )) [ ( ( ) ( )) | ]

[ ( ) ( )]

[ ( ) ( )] [( ( ) ( )) ( )]

T T

T

T T

E G E E G

E g

E f E g f

− = −

= −

=  − + − −

* *

n n n n n

*

n n

* *

n n n n n

x x x x x x x

x x x

x x x x x x x

A4 corollary: 

A3 corollary 1:
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2.2 Online KWSA algorithm

• Define: 

• Recurrence relation:
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2.2 Online KWSA algorithm

• Define: 

• Recurrence relation:
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2.2 Online KWSA algorithm

• Define: 

• Recurrence relation:
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2.2 Online KWSA algorithm

• Define: 

• Recurrence relation:

2

( )n nb E x x= −

22

1 ( ( ) ) 2 ( ( ) ( ))T

n n n nb b a E G a E G+  + − − *

n n n
x x x x

1 2

1
( ( ) ( ))

2

T

n n nE G B b B c d b−  −*

n n
x x x

2( ( , ) ) ,E F M   x xA1: 

,1 ,0 , ,0

1
( ) ([ ( , ) ( , ),  ...,  ( , ) ( , )]T

n n n n d n d n

n

G F c F F c F
c

   = + − + −
n n 1 n n n

x x e x x e x

2
2

2

4
( ( ) )

n

dM
E G

c


n
x ( max{2 ,2 } )+ a b a b

2 2

1 1 2 2

5 32 2

1 4 2
2 2

4
(1 2 )

2 4
(1 )

n
n n n n n n

n

n n

da M
b a B b a c B d b

c

B d M
b B dn b n

n

 




+

− −

 − + +

= − + +



2.2 Online KWSA algorithm

• Define: 

• Recurrence relation:
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• Induction (Appendix): 
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2.2 Online KWSA algorithm

• Define: 

• Recurrence relation:
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• Proof (Appendix): 
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2.2 Online KWSA algorithm

• Define: 

• Recurrence relation:

2

( )n nb E x x= −

5 32 2

1 4 2
1 2 2

2 4
(1 )n n n

B d M
b b B dn b n

n

 




− −

+  − + +

• Proof (Appendix): 



2.2 Online KWSA algorithm
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• Step 1: calculate the (forward) finite-difference 

estimator (𝑐𝑛 sequence)

• Step 2: projection gradient descent (𝑎𝑛 sequence)

• Regret: 



2.2 Online KWSA algorithm
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• Regret: 

A2 corollary: 
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2.2 Online KWSA algorithm

• Regret: 
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• If central finite-difference estimator:

not as good as 
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2.2 Online KWSA algorithm

• Regret: 
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PART 3
Theorem 3 essentially shows that the KW pricing policy is asymptotically optimal. The 

nonparametric approach may avoid model misspecifications that always exist in 

parametric models.
.

Multi-product dynamic pricing and 

numerical experiments



• Demand:

• Maximizing the revenue:  

3.1 KW pricing policy
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3.1 KW pricing policy

• Step 1: calculate the (forward) finite-difference

• Step 2: projection gradient descent



3.1 KW pricing policy

• Assumption:

• compact & convex

•

• 𝑓 twice differentiable and Hessian continuous

• 𝑓 strongly convex

•
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• Experiment 1: illustration of the rate optimality of the total regret

3.2 Numerical experiments



• Experiment 2: comparison with multi-product parametric pricing policies

3.2 Numerical experiments

• Multi-product linear demand model

• compared with ILS & MCILS 

(Keskin and Zeevi (2014))



• Experiment 3: comparison with a single-product nonparametric pricing policy

3.2 Numerical experiments



• Experiment 3: comparison with a single-product nonparametric pricing policy

3.2 Numerical experiments

• Price consistency: converge to the optimal price 

• Regret growth rate optimality:

• Theoretically: near optimal

• Practically: robust numerical experiments performance

• Besbes and Zeevi (2015)

• Price consistency: converge to the optimal price 

• Regret growth rate optimality:

• Theoretically: optimal

• Practically: more robust

• Applicability: much more general

• Hong LJ, Li C & Luo J (2021)
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